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Abstract 
Let R be a commutative semilocal ring and U be the minimal injective cogenerator in the 
category of R-modules. If R is almost noetherian, i.e., each non-minimal prime ideal of R is 
finitely generated, we prove that the following three statements are equivalent: (1) every 
U-reflexive R-module has a U-reflexive injective envelope; (2) every U-reflexive R-module has 
a U-reflexive flat cover; and (3) R is linearly compact and the Krull dimension of R is less than 
or equal to 1. Our examples how that this result is a non-trivial generalization of a recent 
theorem of Belshoff and Xu, and that the condition R being almost noetherian is essential. 
1991 Math. Subj. Class.: 13Cl1, 16P60 
The notion of flat covers of modules was introduced by Enochs in [3]. In this paper, 
we study the relation between flat covers and injective envelopes of modules over 
a commutative ring. Our main result as stated in the Abstract generalizes [2, Theorem 
4.11 in which R is assumed to be a local noetherian ring. 
in the following two results, R and S are two associative rings (not necessarily 
commutative) with an identity. The notations fd(-) and id(-) mean the flat dimension 
and injective dimension of a module, respectively. For other terminologies and 
notations, we refer to [Ill. 
Proposition 1 (Ishikawa [6, Theorem 1.41). Let U, be an injectiue cogeneratar and 
sMR an S-R-bimodule. Then fd(,M) = id(Homs(M, V),); in particular, sM is flat if 
and only if Hom,(M, U), is injective. 
Using the above result we can obtain the following generalization of the main result 
in [7]. Iff: S -+ R is a ring homomorphism, we have an S-bimodule sRs via 
slrsZ =f(si)rf(sz) for sl,s2 ES. 
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Corollary 2. Let S -+ R be a ring homomorphism and RR an injective cogenerator. Then 
fd(,R) = id(Rs); in particular, sR ispat if and only if Rs is injective. 
Proof. Since sRs is a bimodule and Homs(sR,, RR) g Rs canonically, the results 
follow from Proposition 1. 0 
From now on, we only consider commutative rings with an identity and unitary 
modules. We let R be a commutative ring and U an injective cogenerator in R-Mod, 
the category of R-modules. The injective envelope of an R-module M is always 
denoted by E(M). 
If M is an R-module we let M* = Homa(M, U) and M** = (M*)*. We know that 
the evaluation map eM: M --f M ** is always injective, and call M a U-reflexive 
R-module if eM is an isomorphism. 
Corollary 3. Let M be an R-module. Then (1) fd(M) = id(M *); in particular, M isflat if 
and only if M* is injective; and (2) if M is U-re$exive then id(M) = fd(M*); in 
particular, M is injective if and only if M* is fiat. 
Proof. (1) This follows immediately from Proposition 1. 
(2) Since M g M** as R-modules, by (1) we have the equalities fd(M*) = 
id(M**) = id(M). 0 
Lemma 4. (1) If M is an R-module and N I M, i.e., N is an R-submodule of M, then 
M is U-reflexive ifand only ifboth N and M/N are U-rej-lexive. (2) A$nite direct sum of 
R-modules @s= 1 Mi is U-reflexive if and only if each Mi is U-reflexive. (3) If MI and 
M2 are U-reflexive R-modules and f : Ml -+ M2 is an R-module homomorphism, then f is 
a (superfluous) epimorphism if and only iff * : M,* + M F is an (essential) monomorphism. 
Proof. For (1) and (2), see [2, p. 2071. 
For (3) see [l, p. 280, Corollary 24.2 and p. 285, Exercise 24.51. 0 
A flat cover of an R-module M consists of a flat R-module F and an R-module 
epimorphism f: F + M with the following two properties: 
(i) For any flat R-module G with any R-module homomorphism g : G + M there is 
an R-module homomorphism h: G + F such that 
G 
commutes. 
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(ii) Any R-module homomorphism h : F + F such that 
F 
commutes is an automorphism. 
If f: F -+ M satisfies (i) it is called a flat precover. Enochs [3, Theorem 3.11 has 
proved that if M has a flat precover then it has a flat cover. If it has a flat cover, it is 
clearly unique up to isomorphism. 
Proposition 5. Suppose that F and M are U-reflexive R-modules and F isjut. If there is 
an R-module epimorphism f: F -+ M then this epimorphism is a flat precover; and it is 
a flat cover if and only if Ker( f) is superfluous in F. 
Proof. We have an R-module monomorphism f * : M* + F*. Suppose G is a flat 
R-module and g : G -+ M is an R-module homomorphism. Then we have an R-module 
homomorphism g * : M * + G* and G* is an injective R-module by Corollary 3( 1). 
Hence there is an R-module homomorphism h : F * -+ G* such that the diagram 
O---PM*f*F* 
G* 
commutes. Then we have a commutative diagram 
-* I I e,= ei' / 
F-M 
which induces a commutative diagram 
G 
h’ /I 9 
f F-M-O 
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where h’ = eF’h*e G : G + F. We have proved that the epimorphismf: F + M is a flat 
precover. 
If Ker(f) is superfluous in F, it contains no non-zero direct summand of F. Then 
f: F -+ M is a flat cover by [4, Lemma 1.11. 
Now, suppose Ker(f) is not superfluous in F. Then by Lemma 4, the monomor- 
phismf* : M * + F* is not essential. Since F* is injective by Corollary 3(l), we can 
write F* = E(Im(f*)) @ E’ where E’ # 0. Let p: F* + F* be the projection onto 
E(Im(f*)), i.e., ~:(a, b) H a. Since p is not an epimorphism, p*: F ** + F** is not 
a monomorphism by Lemma 4. Hence h = e; ’ p*eF : F + F is not a monomorphism 
but the diagram 
F 
commutes. This proves that f: F + M is not a flat cover. 0 
If R is noetherian, Enochs [4, Proposition 1.11 proved that any U-reflexive R- 
module has a flat cover (which, of course, need not be U-reflexive), However, we have 
the following result for arbitrary commutative rings. 
Theorem 6. The following statements are equivalent for a commutative ring R and an 
injective cogenerator U in R-Mod: 
(1) Every U-rejlexive R-module has a U-rejlexive injective envelope. 
(2) Every U-rejlexive R-module has a U-reJlexiveJat cover. 
Proof. Let M be a U-reflexive R-module. 
(1) 3 (2): Since M* is U-reflexive, its injective envelope E(M*) is U-reflexive and 
we have an essential monomorphism M* C, E(M*). By Lemma 4, we obtain a super- 
fluous epimorphism E(M*)* + M** G M. Since E(M*)* is a U-reflexive R-module 
which is flat by Corollary 3(2), the above epimorphism is a flat cover by Proposition 5. 
(2) =F+ (1): Since M* is U-reflexive, we have a flat cover f: F + M* with F a U- 
reflexive R-module. By Proposition 5, f is a superfluous epimorphism. It follows from 
Lemma 4 that we have an essential monomorphism f * : M ** -+ F*, where the U- 
reflexive R-module F* is injective by Corollary 3(l). Hence F* is the injective 
envelope of Im(f*) g M** g M. 0 
If R is a (von Neumann) regular ring, every R-module is flat. Hence the second 
condition (hence both conditions) in Theorem 6 is clearly satisfied. 
Linearly compact modules play an important role in Morita duality which was 
introduced by Azumaya and Morita in the later 50s. A presentation of Morita duality 
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can be found in [l, Sections 23 and 241 and [ll, Ch. 11. We recall that an R-module 
M is linearly compact if any finitely solvable system of congruences 
m=mimodMi (MiIM,iEZ) 
is solvable. A detailed account of linearly compact modules and rings is given in [ 11, 
Sections 3 and 41. For example, any artinian module is linearly compact; if the ring 
R is linearly compact as an R-module then R is semiperfect. If U is the minimal 
injective cogenerator in R-Mod, then R is linearly compact if and only if U defines 
a self-duality, i.e., a Morita duality with itself. In this event, an R-module is linearly 
compact if and only if it is U-reflexive. These are due to Miiller and Anh (see [ 11, 
Theorems 4.2, 4.3, 4.8 and 6.81). 
Proposition 7. Let R be a semilocal ring and U the minimal injective cogenerator in 
R-Mod. If every U-rejlexive R-module has a U-reflexive injective envelope, then 
U de$nes a self-duality and R is a linearly compact ring. 
Proof. If S is a simple R-module, S g S * since U is the minimal injective cogenerator. 
Hence S E S** and S is U-reflexive. It follows that E(S) is U-reflexive. Since R is 
semilocal, there are only finitely many simple R-modules up to isomorphism. Let 
Si, . , S, be an irredundant set of representatives of the simple R-modules. Then 
U Z @y= 1 E(Si) and U is U-reflexive by Lemma 4. Since there is a canonical 
R-module monomorphism R C+ U * and U * is U-reflexive, R is a U-reflexive R- 
module by Lemma 4. Then U is a balanced R-bimodule which defines a self-duality by 
[l, Theorem 24.11. By Miiller’s theorem (see [ll, Theorem 4.3]), R is a linearly 
compact ring. 0 
Lemma 8. Ifan R-module M has$nite Goldie dimension then E(M) is the direct sum of 
a jinite number of indecomposable injective R-modules. 
Proof. Since the injective R-module E(M) has finite Goldie dimension it has a finite 
number of indecomposable injective submodules {E,, . . , E,} which is maximal with 
respect to the property that its sum Cl= 1 Ei = @y=, Ei is direct. Write E(M) = 
(Or= 1 Ei) @ E’. If E’ # 0, since E’ is an injective R-module with finite Goldie 
dimension, it has an indecomposable injective submodule E,+ 1. Then the sum 
Cl=‘: Ei = @rz: Ei is direct, which contradicts the maximality of (E,, . . . , E,). Hence 
E’=OandE(M)=@~=,Ei. 0 
The Krull dimension of modules (over associative rings, not necessarily com- 
mutative) was defined by Rentschler and Gabriel [S] for finite ordinals. Their 
definition was extended naturally to arbitrary ordinals by Gordon and Robson [S]. 
The Krull dimension of an R-module M, denoted by dim(M), is defined by 
transfinite recursion as follows (see, e.g., [S, p. 51): if M = 0, dim(M) = - 1; if a is an 
ordinal and dim(M) is not less than a, then dim(M) = c1 provided there is no infinite 
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descending chain M = MO 13 M1 2 ... of submodules Mi such that, for 
i = 1,2, . . . , dim(Mi_ ,/Mi) is not less than c(. One notes that modules of Krull 
dimension 0 are precisely non-zero artinian modules. It is possible that there is no 
ordinal c1 such that dim(M) = CI. In that case we say M has no Krull dimension. The 
Krull dimension of the commutative ring R, denoted by dim(R), is defined to be the 
Krull dimension of the R-module R. If dim(R) exists, it coincides with the “classical” 
Krull dimension which is defined in terms of the length of maximal chains of prime 
ideals in R as [S, Theorem 8.141 shows. 
Lemma 9. Let R have Krull dimension. If E is an injective R-module then E is 
indecomposable if and only if E = E(R/P) for some prime ideal P of R. 
Proof. ( F) This is known (e.g., see [9, Lemma 2.291). 
( *) By [S, Theorem 8.31, there is a prime ideal P of R and a non-zero element e of 
E such that P = arm,(e), where arm,(e) = {r E R 1 re = O}. Then R/P r Re L, E. 
Since E is indecomposable and injective, we must have E(R/P) g E. 0 
For an R-S-bimodule M, where S is another commutative ring, we let E(M) be the 
injective envelope when considering M as an R-module and let E(sM) denote the 
injective envelope when considering M as an S-module. 
Lemma 10. Suppose R is a local linearly compact ring with afinitely generated radical 
J, and dim(R) = 1. Zf P is a prime ideal of R then E(R/P) is linearly compact, i.e., 
U-reflexive, where U = E(R/J) is the minimal injective cogenerator in R-Mod. 
Proof. If P = J, then E(R/P) g U is linearly compact, since U defines a self-duality. 
Now let P be a minimal prime ideal of R. Since dim(R/P) = dim(R) = 1, the finitely 
generated R/P-module J/P is the unique non-zero prime ideal of R/P. Hence R/P is 
a local noetherian domain with Krull dimension 1. By [9, Proposition 5.61, there is an 
R,-module (and hence an R-module) isomorphism E(R/P) z E(,p(R,/J(R,))). Since 
dim(R,) = 0, R, is artinian and E(R/P) has finite length as an R,-module. Let 
OC&CAl C ... c A, = E(R/P) 
be a composition series of E(R/P) as an R,-module. Then Ai/Ai_ 1 g R,/J(R,) g Q as 
R,-modules, where Q is the quotient field of the domain R/P. By [2, Proposition 2.81, 
Q is linearly compact as an R/P-module (and hence as an R-module). Therefore each 
Ai/Ai-1 is a linearly compact R-module and then E(R/P) is a linearly compact 
R-module. 0 
The ring R is called almost noetherian in case each non-minimal prime ideal of R is 
finitely generated. Since each noetherian module has Krull dimension by [S, Proposi- 
tion 1.33, the following main result generalizes [2, Theorem 4.11. 
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Theorem 11. Let R be a commutative semilocal ring with Krull dimension. Zf R is an 
almost noetherian ring and U is the minimal injective cogenerator in R-Mod, then the 
following statements are equivalent: 
(1) Every U-reflexive R-module has a U-reJlexive injective envelope. 
(2) Every U-rejlexive R-module has a U-rejlexivepat cover. 
(3) R is linearly compact and dim(R) I 1. 
Proof. Let J be the Jacobson radical of R. 
(1) o (2): Theorem 6. 
(1) * (3): By Proposition 7, R is a linearly compact ring. Hence R is a finite direct 
product of local linearly compact rings. Without loss of generality, we let R be a local 
linearly compact ring and then U = E(R/J), where J is the unique maximal ideal. Let 
P be a minimal prime ideal of R. Then R/P is noetherian and arm”(P) is the minimal 
injective cogenerator in R/P-Mod. By (1) we also have that every annc(P)-reflexive 
R/P-module has an ann#)-reflexive injective envelope, hence dim(R/P) I 1 by [2, 
Theorem 4.11. But dim(R) = dim(R/P), and so dim(R) < 1. 
(3) * (1): We assume that R is local. Since R is almost noetherian, J is finitely 
generated. If P is a prime ideal of R then E(R/P) is U-reflexive by Lemma 10. If M is 
a U-reflexive R-module then M has finite Goldie dimension. Hence E(M) is U- 
reflexive by Lemmas 8 and 9. 0 
Next we give an example to show that our generalization is non-trivial. 
Example 12. Let K be a field and K [ [xl] be the ring of formal power series of x with 
coefficients in K. Then K [ [x]] is a local linearly compact noetherian ring which has 
a self-duality induced by the artinian K[ [xl]-module K[l/x], the inverse poly- 
nomials. The trivial extension R = K[ [xl] CC K[l/x] is a local linearly compact 
non-noetherian ring, and U = R is the minimal injective cogenerator in R-Mod (see 
[ll, Example 10.91 in detail). One checks that R is almost noetherian and dim(R) 
= 1. Hence the non-noetherian ring R satisfies the three equivalent conditions in 
Theorem 11. 
Finally, we give an example to show that the condition R being almost noetherian 
in Theorem 11 is essential. 
Example 13. Let K and K[ [x]] be as in Example 12. Let K((x)) be the quotient field 
of the domain K [ [xl]. It is known that K((x)) is linearly compact over K[ [xl] (see, 
e.g., [ll, Lemma 10.111). Let K((x)) [[y]] be the ring of the formal power series ring 
over y with coefficients in K((x)). Let R be the subring of K((x))[[y]] consisting of 
elements of the form 
a0 + sly + a2y2 + ..., 
where a0 E K[ [x]] and ai E K((x)) for i 2 1. That is, we may write 
R = K[[x]] + K((x))y + K((x))y’ + ... 
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We see that R is a local ring with the cyclic radical 
J = Rx = xK[[x]] + K((x))y + K((x))y2 + ... , 
which contains a prime ideal 
P = K((x))y + K((.x))y2 + ‘.. , 
and J II P 3 0 are the three prime ideals of R. One shows that R has Krull dimension 
and so dim(R) = 2. We note that P is a non-minimal prime ideal which is not a finitely 
generated R-module, so R is not almost noetherian. Now we show that R satisfies 
condition (1) of Theorem 11. Since R, = K((x))[ [y]] is linearly compact as an 
R-module, R is a linearly compact ring, hence U = E(R/J) is a linearly compact 
module which defines a self-duality. By [lo, Lemma 2.5(iii)], R, has a self-duality 
induced by HomR(R,, U). Now we have an isomorphism as R,-modules (hence as 
R-modules), E(R/P) z E(%(R,/J(R,)) = K((x))[l/y], which is the minimal injective 
cogenerator in R,-Mod. Hence E(R/P) is HomR(R,, U)-reflexive. By [lo, Lemma 
2.5(ii)], E(R/P) is U-reflexive. Note that Q = K((x))((y)) is the quotient field of R. 
Since Q is linearly compact as an R,-module, Q is HomR(R,, U)-reflexive. By [lo, 
Lemma 2.5(ii)] again, Q is a U-reflexive R-module. We have proved that E(R), 
E(R/P), and E(R/J) are U-reflexive R-modules. If A4 is any U-reflexive R-module, it 
follows from Lemmas 8 and 9 that E(M) must be U-reflexive. 
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